Rules for integrands of the form (a + b x + ¢ x?)°

1. j(a+bx+cx2)pd1x whenb?-4ac=90

1: J(a+bx+cx2)pdx whenb?-4ac=0 A p<-1

Derivation: Piecewise constant extraction

+ " 2\ p+1
Basis: If b2 -4 ac == 0, then oy M B

(b+2 ¢ x)2 (P+1)

Rule1.2.1.1.1.1:1f b>-4ac==0 A p < -1, then

4c(a+bx+cx2)p+1 2(a+bx+cx2)p+1

J‘(a+bx+cx2)"dlx—> J‘(b+2cx)2pdlx—>

(b+2cx)2 P (2p+1) (b+2cx)

Program code:

Int[ (a_+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
2% (a+bxx+c*x”2) A (p+1) / ((2%xp+1) * (b+2xcxX)) /;
FreeQ[{a,b,c,p},x] &% EqQ[b”2-4xaxc,0] && LtQ[p,-1]

2. J(a+bx+cx2)pdx whenb?-4ac=0 A p¢-1

dx whenb?-4ac=0

1
1: J—
Va+bx+cx?

Reference: G&R 2.261.3 which is correct only for % +CX>0

Derivation: Piecewise constant extraction

QJrC X

Basis: If b2 - 4 == 9, th —2— =0
asls ac ,t en@xm

Rule1.2.1.1.1.1: If b2 - 4 a c == 9, then



Rules for integrands of the form (a+b x+c x~2)"p

1
—d
Va+bx+cx?

Program code:

Int[1/Sqrt[a_+b_.*x_+c_.*x_"2],x_Symbol] :=
(b/2+cxx) /Sqrt[a+bxx+cxx*2] *Int[1/ (b/2+c*Xx) ,x] /;
FreeQ[{a,b,c},x] &% EqQ[b”2-4xaxc,0]

2: J(a+bx+cx2)pd1x whenb?-4ac=0 A p;é—%

Derivation: Piecewise constant extraction

+bx+c x2)P
Basis: If b%> - 4 a ¢ == 0, then 6, [abxeex)” g

(b+2 c x) 2P

Rule1.2.1.1.1.2:1f b>-4ac==9 A p # - %,then

J(a+bx+cx2)de —
(b+2cx)2P

Program code:

Int[ (a_+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(b+2xc*X) * (a+b*X+C*X"2) *p/ (2*C* (2%xp+1)) /;
FreeQ[{a,b,c,p},x] && EqQ[b”2-4xaxc,0] &&% NeQ[p,-1/2]

X —

(a+bx+cx2)p

E+CX 1
2
dx
2 b
Va+bx+cx ; teX

j(b+2cx)2pdlx —

(b+2cx) (a+bx+cx?)?

2c (2p+1)



Rules for integrands of the form (a+b x+c x~2)"p

2. f(a+bx+cx2)pdx whenb?-4ac#0 A 4peZ Ap>0
1. J(a+bx+cx2)pdx whenb?-4ac#0 Ap>0 A pezZ

1: J(a+bx+cx2)pdx whenb? -4ac#@ A pez* A PerfectSquare[b?-4ac]

Derivation: Algebraic expansion

Basis:Letq = /b -4ac,thena+bz+cz?=1 (2-9+cx) |

Rule1.2.1.1.2.1.1:1f b2 -4ac # @ A p ez A PerfectSquare|[b?-4ac|,letq=1+/b?-4ac,then

1 b P (b P
J‘(a+bx+cx2)pd1x—>— (——ﬂ+cx) (—+ﬂ+cx) dx
cP 2 2

N o

+ % + C X)

Program code:

Int[(a_+b_.*x_+cC_.*Xx_"2)"p_,x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

1/c p*Int[Simp[b/2-q/2+C#X,X] "p*Simp[b/2+q/2+c*x,x]1*p,X]|] /3
FreeQ[{a,b,c},x] & NeQ[b”2-4xaxc,0] && IGtQ[p,0] && PerfectSquareQ[b”2-4xaxcC]



Rules for integrands of the form (a+b x+c x~2)"p

2: J-(a+bx+cx2)pdlx whenb?-4ac#@ A pez* A -PerfectSquare[b?-4ac]

Derivation: Algebraic expansion

Rule1.2.1.12.1.2:1f b2 -4ac #@ A p e Z* A - PerfectSquare [b? -4 ac],then

J(a +bx+cx?)Pdx — JExpandIntegrand[ (a+bx+cx?)?, x] dx

Program code:

Int[(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxx+c*x”2)"p,x],x] /;
FreeQ[{a,b,c},x] 8&& NeQ[b*2-4xaxc,@] & IGtQ[p,0] && (EqQ[a,@] || Not[PerfectSquareQ[b"2-4xaxc]])

2: J(a+bx+cx2)pd1x whenb?-4ac#0 Ap>0 Ape¢z

Reference: G&R 2.260.2, CRC 245, A&S 3.3.37
Derivation: Quadratic recurrence 1lb withm = -1,A=dandB = e

Rule 1.2.1.1.2.2:1f b2-4ac+0 A p>0 A p ¢ Z,then

(b+2cx) (a+bx+cx?)? p(b?>-4ac) )
J(a+bx+cx2)pdx N - J(a+bx+cx2)p' dx
2c (2p+1) 2c (2p+1)

Program code:

Int[ (a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=

(b+2xc*X) * (a+bxX+C*X"2) *p/ (2*%C* (2xp+1)) -

p* (bA2-4xaxc) / (2xc* (2xp+1) ) *Int [ (a+b*x+c*x"2)~ (p-1),x] /;
FreeQ[{a,b,c},x] &% NeQ[b”2-4xaxc,0] & GtQ[p,0] && IntegerQ[4xp]



Rules for integrands of the form (a+b x+c x~2)"p

3. j(a+bx+cx2)pdx whenb?-4ac#0 A 4peZ A p<-1

1
1: J—dlx whenb?-4ac#+0
(a+bx+cx2)3/2

Reference: G&R 2.264.5, CRC 239

Derivation: Quadratic recurrence 2a withm = ©,A = 1,B =0Qandp = -

N W

Rule1.2.1.1.3.1:If b2 -4 a c + 0, then

1 2 (b+2cx)
————————————;;-dx —_ -
(a+bx+cx?) (b2-4ac) Va+bx+cx?

Program code:

Int[1/(a_.+b_.xx_+c_.*Xx_"2)"(3/2),x_Symbol] :=
-2% (b+2xcxXx) / ((b*2-4xaxc) *Sqrt [a+bxx+c*xx"2]) /;
FreeQ[{a,b,c},x] &% NeQ[b”2-4xaxc,0]



Rules for integrands of the form (a+b x+c x~2)"p

2: J(a+bx+cx2)"dlx whenb?-4ac#0 A p<-1A p#—%

Reference: G&R 2.171.3, G&R 2.263.3, CRC 113, CRC 241
Derivation: Quadratic recurrence 2a withm = 6,A = 1andB = 0

Rule1.2.1.13.2:1f b>-4ac#0@ A p< -1 A p#-3,then

p+1

(b+2cx) (a+bx+cx2) 2c (2p+3)

J(a+bx+cx2)pdlx—» J(a+bx+cx2)p+ldx

(p+1) (b*-4ac) _(p+1) (b*-4ac)

Program code:

Int[ (a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
(b+2xcxX) * (a+bxx+c*xx”2)~ (p+1) / ((p+1) * (b*2-4xaxc)) -
2xCx (2%xp+3) / ((p+1) * (b*2-4xaxc) ) *Int[ (a+bxx+cxx*2)~ (p+1) ,x] /;
FreeQ[{a,b,c},x] &% NeQ[b"2-4xaxc,0] & LtQ[p,-1] && NeQ[p,-3/2] && IntegerQ[4xp]



Rules for integrands of the form (a+b x+c x~2)"p

1
4, j—dlx whenb2—4ac¢0
a+bx+cx?

1
1: JN———————-dx
bx+cx?

Derivation: Algebraic expansion

Rule1.2.1.1.4.1:

1 1 1 C 1
J-—dlx—>—J‘—d1x——J‘ dx —
b x + ¢ x? bJx bJb+cx

Program code:

Int[1/(b_.*x_+c_.*Xx_"2),x_Symbol] :=
Log[x] /b - Log[RemoveContent[b+cxx,x]]/b /;
FreeQ[{b,c},x]

Log[x] Log[b + c x]

b

b



Rules for integrands of the form (a+b x+c x~2)"p

1
2: J—dlx whenb?-4ac#@ A b>-4ac>0 A PerfectSquare[b?-4ac]|
a+bx+cx?

Reference: G&R 2.161.1a

Derivation: Algebraic expansion

. 2 1 __ C 1 _ < 1
Basis: Letq —» /b 4ac,then atbz+cz?  q 29,cz q 20y

2 2

Rule1.2.1.1.4.2:1f b>-4ac+0 A b2 -4ac>0 A Per‘fectSquar‘e[bZ—4a c],letq —/b%?-4ac,then

Program code:

Int[1/ (a_.+b_.*x_+c_.*x_"2),x_Symbol] :=

With[{q=Rt[b*2-4+axc,2]},

c/q+Int[1/Simp[b/2-q/2+c*x,x],X] - c/q+Int[1/Simp[b/2+q/2+c*x,x],x]] /;
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0] & PosQ[b"2-4xaxc] && PerfectSquareQ[b”2-4xaxc]



Rules for integrands of the form (a+b x+c x~2)"p

1
3: J—dlx whenb?-4ac¢R A 222 cR
a+bx+cx? b

Reference: G&R 2.172.4, CRC 109, A&S 3.3.16
Reference: G&R 2.172.2, CRC 110a, A&S 3.3.17

Derivation: Integration by substitution

Basis: —2 - = - 2 Subst| 12,x,1+2°"]ax(1+2‘—")
a+b x+c x b q-Xx b b
. , .
Rule1.2.1.1.4.3:1f b>-4ac ¢ R,letq > b’;‘%, if g € R, then
1 2 1 2cx
[ A S S —
a+bx+cx? b q - x? b

Program code:

Int[1/ (a_+b_.*x_+c_.*x_"2),x_Symbol] :=
With[{q=1-4xSimplify[axc/b"2]},
-2/b*Subst[Int[1/ (q-Xx"*2),X],X,1+2xCxX/b] /;
RationalQ[q] & (EqQ[q~2,1] || Not[RationalQ[b"2-4xaxc]])] /;
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0]



Rules for integrands of the form (a+b x+c x~2)"p

1
4: J—dlx whenb?-4ac#0
a+bx+cx?

Reference: G&R 2.172.2, CRC 110a, A&S 3.3.17
Reference: G&R 2.172.4, CRC 109, A&S 3.3.16

Derivation: Integration by substitution

Basis: —~— = -25subst[ —~—, x, b+2¢cx] & (b+2cX)
a+b x+c x b2-4 ac-x
 Rule1.2.1.1.4.4:1f b2 -4 ac + 0, then

1
j— dx — -2 Subst [J—
a+bx+cx? b2-4ac-

Program code:

Int[1/(a_.+b_.*x_+c_.*x_"2),x_Symbol] :=
-Z*Subst[Int[1/Simp[b"2—4*a*c—x"2,x],x],x,b+2*c*x] /3
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0]

1

ac

X

2

dx, X, b+2cx]

10



Rules for integrands of the form (a+b x+c x~2)"p

5: f(a+bx+cx2)pdx when4a—bc—2>0

Derivation: Integration by substitution

. b2 2 P
Basis: If 4 a - PR 0, then (a+bx+cx?)P = 2c(_1“ ’ SUbSt[(l_bz-):lT) » X, b+2cx] o (b+2cx)
b2-4ac
2
Rule1.2.1.1.5:1f 4 a - % > 0, then
1 x? P
(a+bx+cx®)?dx — —Subst[j[l——] dx, X, b+2cx]
2c(-bz‘_‘4cac P b’-4ac

Program code:

Int[(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
1/ (2xC* (-4xc/ (b*2-4xaxc) ) ~p) »Subst [Int [Simp [1-Xx 2/ (b"2-4xaxc) ,X]"p,X],X,b+2xc*x] /;
FreeQ[{a,b,c,p},x] && GtQ[4xa-b"2/c,0]

11



Rules for integrands of the form (a+b x+c x~2)"p

1
6. j—dlx whenb?-4ac#0

Va+bx+cx?

X

1
1: J—dl
Vbx+cx?

Derivation: Integration by substitution

Basis: —— = 2subst[ 2, x, —=2—] 8, —=
A bx+c x? -cx \/bx+c x2 \/bx+c x2
Rule 1.2.1.1.6.1:

J. 1
Vbx+cx?

Program code:
Int[1/Sqrt[b_.xx_+c_.*x_"2],x_Symbol] :=

2xSubst[Int[1/ (1-c*x"2) ,x],X,Xx/Sqrt[bxx+c*x*2]] /;
FreeQ[{b,c},x]

dx whenb?-4ac#0

1
2: J—
Va+bx+cx?

Reference: G&R 2.261.1, CRC 237a, A&S 3.3.33
Reference: CRC 238

Derivation: Integration by substitution

dx — 2 Subst [J.

Basis: —A— - 2 Subst | - L x, —b2ex ]g _bidcx
A a+b x+c x? c-x A/ asb x+c 2 "’a+bx+c 2

Rule1.2.1.1.6.2: If b2 - 4 a c + 0, then

1-cx?

dx, X,

Vb x+cx? ]

12



Rules for integrands of the form (a+b x+c x~2)"p

1 1 b+2cx
f— dx — ZSubst[j —dx, x, —]
Va+bx+cx? 4c-x Va+bx+cx?

Program code:

Int[1/Sqrt[a_+b_.xx_+c_.*x_"2],x_Symbol] :=
2xSubst[Int[1/ (4xc-Xx"2) ,Xx],X, (b+2xcxX) /Sqrt[a+bxx+c*x"2]] /;
FreeQ[{a,b,c},x] &% NeQ[b”2-4xaxc,0]

7. j(a+bx+cx2)pdx whenb?-4ac#0 A 3<Denominator[p] <4

1: J(bx + ¢ x?)P dx when 3 < Denominator [p] <4

Derivation: Piecewise constant extraction

Basis: o, (—("—))— =0

b2

Note: If this optional rule is deleted, the resulting antiderivative is less compact but real when the integrand is real.

Rule 1.2.1.1.7.1: If 3 < Denominator[p] < 4,then

(bx+cx2)p cx c2x?)\P
(bx+cx?)Pdax — —J(——— ] dx
(_c!bx+cx2 )P b b2

bZ

Program code:

Int[ (b_.*x_+c_.*x_"2)"p_,x_Symbol] :=
(bxx+c*x”2) *p/ (-C* (bxx+c*x*2) / (b”2) ) *p*xInt[ (-cxXx/b-c*2xx*2/b"2) *p,x] /;
FreeQ[{b,c},x] && RationalQ[p] && 3<Denominator[p]<4

13



Rules for integrands of the form (a+b x+c x~2)"p

x: J(a+bx+cx2)pd1x whenb?-4ac#0 A 3<Denominator[p] <4

Derivation: Piecewise constant extraction

Basis: a, ((b—))— P

b2-4ac

Rule1.2.1.1.7.2:1f b2 -4 ac +#+ @ A 3 < Denominator[p] < 4, then

(a+bx+cx?)? ac bcx c2x? \P
(a+bx+cx*)?Pdx — -J-— - - dx
(_c atbx+cx? )P b2-4ac b?-4ac b?’-4ac

b*-4ac

Program code:

(* Int[(a_.+b_.*x_+C_.*x_"2)"p_,x_Symbol] :=
(a+bxx+cxx"2) *p/ (-C* (a+bxx+c*xx”2) / (b”2-4xaxc) ) *pxInt[ (-axc/ (b*2-4xaxc) -bxcxx/ (b*2-4xaxc) -c*2xx"2/ (b~2-4xaxc) ) p,x] /;
FreeQ[{a,b,c},x] & NeQ[b”2-4xaxc,0] && RationalQ[p] && 3<Denominator[p]<4 x)

14



Rules for integrands of the form (a+b x+c x~2)"p

2: J(a+bx+cx2)pdlx whenb?-4ac#0 A 3<Denominator[p] <4

Derivation: Integration by substitution and piecewise constant extraction

Basis: If d € z*,then (a+bx+cx?)? = E@Subst[&, X, (a+bx+cx®)] o (a+bx+cx?)™
* vV b2-4ac+4cxd

Basis: 5, Yoz g

b+2 c x

Note: Since d < 4, resulting integrand is an elliptic integral.

Rule 1.2.1.1.7.2: 1f b2 -4 ac # 0, letd - Denominator[p],if 3 < d < 4, then

d»\/ b 2 d(p+1)—1
+bx+cx dx — r2ex Subst dx, X, (a+bx+cx
a 2\p ( ) 2\1/d
b+2cx '\/b2

-4ac+4cx?

Program code:

Int[(a_.+b_.*x_+C_.*x_"2)”p_,x_Symbol] :=
With[{d=Denominator[p]},
d+Sqrt[ (b+2xcxx) 2]/ (b+2xc*x) *Subst [Int [x” (d* (p+1) -1) /Sqrt [b”*2-4xaxc+4xCxx d],X],X, (a+bxx+c*x”2)~(1/d)] /;
3<d<4] /;
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0] & RationalQ[p]

H: j(a+bx+cx2)pdx whenb?-4ac$ @ A dpe¢z

Derivation: Piecewise constant extraction

. B 5 (a+b x+cx?)? o
Basis: Letq - \/m’ then Ox (b+q+2cx)P (b-g+2cx)P




Rules for integrands of the form (a+b x+c x~2)"p

(a+bx+cx2)p

J(a+bx+cx2)pdlx—> J(b+q+2cx)”(b—q+2cx)"d]x

(b+gq+2cx)P (b-q+2cx)P

(a+bx+cx2)'f’+1 b+q+2cx
— - ) HypergeometricZFl[—p, p+1l,p+2, —]
a(p+1) (B2 24

Program code:

Int[(a_.+b_.*x_+c_.*x_"2)"p_,x_Symbol] :=

With[{q=Rt[b*2-4xaxc,2]},

- (a+bxXx+cx*x*2) A (p+1) / (q* (p+1) * ((q-b-2xc*Xx) / (2%q) ) ~ (p+1) ) xHypergeometric2F1[-p,p+1,p+2, (b+q+2xCxX) / (2%q) ] ] /3
FreeQ[{a,b,c,p},x] &% NeQ[b”2-4xaxc,0] & & Not[IntegerQ[4xp]]

S: ~J‘(a+bu+cu2)pdlx when u==d + e x

Derivation: Integration by substitution
Rule 1.2.1.1.S:If u == d + e x, then

1
J(a+bu+cu2)pdx — —Subst[J(a+bx+cx2)pdx, X, u]
e

Program code:

Int[(a_.+b_.*u_+c_.*xu_"2)”p_,x_Symbol] :=
1/Coe-F-Ficient[u,x,1]*Subst[Int[(a+b*x+c*x"2)"p,x],x,u] /3
FreeQ[{a,b,c,p},x] && LinearQ[u,x] && NeQ[u,Xx]



